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Finding Clusters in Profiles

@@k

Data Mining:
Metric Clustering

Finding Clusters in Profiles

Examples for profile elements that can be embedded in metric spaces:

® Location & Velocity: Metric space: (R3, || . ||)

® Text describing Interests: Metric space: (RVe<l || . ||) where Voc

denotes the Vocabulary of the text.
I
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Often: Instead of
term-frequency
(tf) alone: use
term-frequency *
inverse document
frequency (idf);
idf = log (#of docs
where t occurs /
#of doci)

® How do we compute clusters in metric spaces?

¢ Group models: How do we compute socially meaningful clusters in
metric spaces (and thus avoid quasi-groups)?

L
® First some notations / basics:

®In graph clustering we had: A graph clustering C={C_1,C 2, .,
C_K} is a partion of V into non-empty subsets C_k

® Now: clustering € X -1 mapping of a metric value space
X to a set of cluster indices /

® Clusterings can be:
® exclusive or non-exclusive
¢ crisp or fuzzy
® hierarchical or non-hierarchical
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Finding Clusters in Profiles

® How do we compute clusters in metric spaces?

® Group models: How do we compute socially meaningful clusters in
metric spaces (and thus avoid quasi-groups)?

® First some notations / basics:

®in graph clustering we had: A graph clustering C={C_1,C 2, ..,
C_K} is a partion of V into non-empty subsets C_k

® Now: clustering €. X —1: mapping of a metric value space
X to a set of cluster indices 1

® Clusterings can be:
® exclusive or non-exclusive s
° crisp or fuzzy
® hierarchical or non-hierarchical

Finding Clusters in Profiles

® Exclusive > non overlapping clusters; non-exclusive - overlapping
clusters

® Hierarchical clustering = imposes a tree structure (Dendrogram) on the
C _kwhereanedgeC i> C'_jimpliesC ic C_j;

® Crisp clusterings: Conventional characteristic functions a_k for each
Cluster C_k

1 ze Cj;

ap : X = {0,1} with ag(z e X) = {O céc

'Fuzzy clusterings: fuzzy membership function a _k for each Cluster C_k

aj : X —[0,1]

Metric variant of Single / Complete link clustering

® Exclusive - non overlapping clusters; non-exclusive - overlapping
clusters

® Hierarchical clustering = imposes a tree structure (Dendrogram) on the
C kwhereanedge C_i-> C'_jimpliesC icC’_j;

® Crisp clusterings: Conventional characteristic functions a_k for each
Cluster C_k
1 ze(

ap s X = {0,1} with ap(x € X) = {0 rgc

°Fuzzy clusterings: fuzzy membership function a _k for each Cluster C_k

ak:X—)[O.l]%

® Metric variant of Single / Complete link clustering: Hierarchical, crisp,
non-overlapping

¢ Completely analogous to graph clustering case: Start with singletons
and on each level of the dendrogram merge two clusters with minimal
distance (cost)

® Single link: N
d(Cr,,Cry ) = min Ty — Ly
( 1 2) {n1,n2)En €Cky ATngyECky } || n1 nzH
® Complete link:
d(Cr,,Cry) = max ||, — Tns|

{n1,m2|Tn4 GCA-lAi‘n-}_ECkQ}



Metric variant of Single / Complete link clustering

K-Means Clustering

® Metric variant of Single / Complete link clustering: Hierarchical, crisp,
non-overlapping

® Completely analogous to graph clustering case: Start with singletons
and on each level of the dendrogram merge two clusters with minimal
distance (cost)

® Single link:
d(Cr,,Cry) = min

€T — Tn
{n1,n2len; €Cpy Arng €Cry } | | " i ||

® Complete link:

&

d(Cry,Cry) = max

Tpy — Tn,
{n1,na|rny €Cpy ATng €Cry } || ™ n2 Il

K-Means Clustering

®General idea (also valid in graph clustering): Optimize objective function
that formalizes clustering paradigm.
® K-Means: Optimize intra cluster coherence: R

® Describe cluster C_k by prototype u_k; prototype need not be an
actual pattern (If so, algorithm works with slight modifications as well)

® Determine cluster for each pattern x_n by nearest neighbour rule:
C(xn) = ka ¢ ||2n — pg, || = min ||z, — g
(3

&

K-Means Clustering

® K-Means: Optimize intra cluster coherence:

® Find prototypes by optimizing objective function modeling intra
cluster coherence as mean square error

K
Fap=Y" 3 el

k=1 {n|.1‘n EC;.-}

dJsop ! k_ 1
Spee 2o =) 4= DS

= {nlzneCi}

® > cluster prototypes are barycenters (,centers of gravity“) of their
clusters.

® K-Means: Optimize intra cluster coherence:

® Find prototypes by optimizing objective function modeling intra
cluster coherence as mean square error

&

K
Bap=Y" 3 llew— il

[N k=1 {'Ill.{‘n Gck}

dJsop ! kL
e lo = wepn ¥ m

|Ck | {nl.l'n ECk}

® > cluster prototypes are barycenters (,centers of gravity*) of their
clusters.
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K-Means Clustering

® K-Means: Optimize intra cluster coherence:

® Find prototypes by optimizing objective function modeling intra
cluster coherence as mean square error

K
Jsqe =Y Y llon—

k=1 {n|cneCr}
ke

1
dJsqe 1 —> = T
b =0 bl Ec}rn
n|rnclg

® > cluster prototypes are barycenters (,centers of gravity“) of their
clusters.

K-Means Clustering




K-Means Clustering

K-Means Clustering

® Dunn Index:

b ( . ( dy (i, Ciy) ))
= min min
ki€[LK] \k2€[1K] \ maXg, e, k] d2(Cry )

where dy(Cy,,Cy,) is the distance function between two clusters defined by

d1(Cry ,Ciy) = min

Tpy — &
{(”‘=”2}|In1ecklhrngeckg}“ i n2||

(that is the single link distance from SAHN).
The “diameter” da of the clusters is defined by

da(C;) = max

B Tpy — &
{(m"u)lr“lEcaf\l‘nzec,-}” ny n2||

[7

K-Means Clustering

® Dunn Index:

A dy (Cry. Ciy)
B = min min
ki€[LK] \k2€[1K] \ maXpg e, k) 92(Cry )
where dy(Cy,,Cy,) is the distance function between two clusters defined by

d1(Cry .Cy ) = min

Tp — T
{(n1.n2)|zn) €Chy AZny ECy } ” " ”2”

(that is the single link distance from SAHN).
The “diameter” dz of the clusters is defined by

da(C;) = max

- Tpy — T
{(m.ng)|r“1ecmrnzeq}” ny nz”

[7]

DBSCAN

® Dunn Index:

. . dy (Ci,y, Cr, )
D= min min
ki€[1LK] \k2€[1K] \ maxXg, e, x] d2(Cr, )
where dy(Cy,,Cy,) is the distance function between two clusters defined by

d1(Cry .Ciy ) =

min [|n, — Znsl|
{(n!eHZ}IInl e‘-kl Alpy Eckg}

(that is the single link distance from SAHN).
The “diameter” do of the clusters is defined by
b

da(C;) = max

Tpy — &
{(m"u)lr“lEcaf\l‘nzec,-}” ny n2||

[7

® K-Means is .OK" as cluster algorithm, but has certain disadvantages:
® favors spherical clusters
® need to know K

® o notion of noise

® Alternative » DBSCAN [4]
(used frequently in practice):

® |dea: Two parameters: minPt, €

® Rough idea: iterate:
visit previously unseen pattern x:
if in e-neighborhood {x‘} of x: |{x}|]=2 minPt then
start new cluster: include x and {x‘} and those of their
e-neighborhoods {x“} that are dense enough (|{x"}|=2
minPt), etc.
else: x is noise
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DBSCAN

® K-Means is ,OK* as cluster algorithm, but has certain disadvantages:
® favors spherical clusters
® need to know K

® o notion of noise

® Alternative » DBSCAN [4]
(used frequently in practice):

® |dea: Two parameters: minPt, € B
® Rough idea: iterate: )
visit previously unseen pattern x:
if in e-neighborhood {x‘} of x: [{x'}|=2 minPt then
start new cluster: include x and {x'} and those of their
e-neighborhoods {x“} that are dense enough (|{x“}|=
minPt), etc.

else: X is noise

DBSCAN

(2]

® K-Means is .OK" as cluster algorithm, but has certain disadvantages:
® favors spherical clusters
® need to know K

® o notion of noise

® Alternative - DBSCAN [4]
(used frequently in practice):

® |dea: Two parameters: minPt, €

® Rough idea: iterate:
visit previously unseen pattern x:
if in e-neighborhood {x'} of x: |{x'}|=2 minPt then
start new cluster: include x and {x‘} and those of their
e-neighborhoods {x“} that are dense enough (|{x"}|=2
minPt), etc.
else: x is noise

K-Means Clustering

® Advantages of DBSCAN:
® We do not need to know K in advance
¢ arbitrarily shaped clusters

® nhotion of noise

® Disadvantages:

® instead of having to know K, we need to ,guess® minPt and €
instead (can be a problem for high dimensional pattern spaces (=
curse of dimensionality))

® original DBSCAN has fixed (minPt, €) & problems when cluster
density varies

¢ Interesting aspect: How do we determine correct number k of clusters?
(Same problem with graph clustering: where to cut dendrogram?)

® Answer: Compute for every k clusterings; chose the best clustering with
a cluster quality measure

® Cluster quality measures for metric case(countless variants exist in
literature; for an overview: e.g. [2]) (Objective functions modeling
clustering paradigm):

® Dunn-Index

® Entropy based indices



Fuzzy C-Means Clustering

K-Means Clustering

® K-Means was a crisp algorithm. Now: fuzzy variant

® Reformulate K-Means objective function with membership matrix
r«. Membership of pattern x, in class C,

N K
Jsqr =YY rakllzn — uill?

n=lk=1 [

® optimization criterion
dJsop/du; =0

° together with non-overlaping constraint
Yn(Fk(rp, = 1) A (K # k) = (rr = 0)))

leads to well known K-Means

.'\r .‘\'r
Pk = Zn:l 'rn-’\“rn/2n=1 Tk = (1/|CL|) ZnLruECk Tn

K-Means Clustering

Example Application: Clustering locations

® Problem: How do we distinguish socially relevant clusters (candidates
for groups) from quasi groups?

° Compute clusterings over period of time: Good candidates: clusters
that appear over and over again, clusters that appear periodically

® Establish threshold for distance in clusters: Human “social distance”:
A few meters (if groups are very small); few tens of meters (if groups

are medium sized)

® Include velocities: If divergent - no group

Fuzzy C-Means Clustering

[3]

® Now modify objective function to:
N K
GSQE = ZZ ri) ™ |20 — pei|
=1 k=1

¢ Exponent m models degree of fuzzyness:
m - 1 : K-Means (crisp case);

m = ©: r,.~> 1/K (where K is the number of clusters)

® Optimize the obj. fct. under the conditions:

Yo, : Za;, Tn) = Z ok =1
k=1 b
N

VG zo-k{J‘n):Zr‘nk =0
n=1

n=1
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Fuzzy C-Means Clustering

s
® Now modify objective function to:

N

K
Josqe =Y 3 ()™l — pil

n=1 k=1

® Exponent m models degree of fuzzyness:
m = 1: K-Means (crisp case);

m = ©:r,~> 1/K (where K is the number of clusters)

® Optimize the obj. fct. under the conditions:

® Now modify objective function to:
N

Jasqe = ZZ“RL llzn — il ?

n=1 k=1

¢ Exponent m models degree of fuzzyness:
m - 1 : K-Means (crisp case);

m = ©: r,.~> 1/K (where K is the number of clusters)

I
® Optimize the obj. fct. under the conditions:

K K K K
Yo, Z(rk(.rn) = Z Pk = 1 Yo, : Zrt;‘( m) = Z Pk = 1
k=1 k=1 ks k=1 k=1
N N N N
VG o Y ai(za) =) rak >0 Ve i Y aw(za) =) ra >0
n=1 n=1 n=1 n=1
Fuzzy C-Means Clustering Fuzzy C-Means Clustering
o, . . o Mivec:
® Result Limit m = « gives:
|l" JLlj'\” _ -1 m—roo 1 1
Tnk = Tk — = = —
(;1 Tow =gl ) @ 17K
N m
TP Zn 1 "nkTn (@@)
Zi&l nk ® Limitm > 1 we get the nearest neighbor rule (K-Means) because:

® the result assumes that no patterns and prototypes coincide
Vo k: ||z, —pp|| #0

if they do coincide, set r, =1 for x, = J, and r, = 0 for x,, # P

Tk = 1/ Zl.’;ék Tllwll.[)m 1)4+1)

n—Hp!

in the limit m—=>1 the first sum in the denominator becomes « if

|n — pr|| # ming<cpreg ||2n — |

and it becomes 0 if

|27 — pr|| = miny<pr<ic |20 — pae||
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Fuzzy C-Means Clustering

® Result:

- (Sl

) Illri_lfgl|
N [%

e = M (@ @)
Zn=1 nk

® the result assumes that no patterns and prototypes coincide

Vo, k: ||z, —pgl| #0

if they do coincide, set r, =1 for x, = J, and r, = 0 for x,, # P

Fuzzy C-Means Clustering

® Limit m > = gives:

® Limitm > 1 we get the nearest neighbor rule (K-Means) because:

rﬂ]\-zl/((zg,#k TIMHT m— 1)+1

Tn—HE!
in the limit m—=>1 the first sum in the denominator becomes « if

||2n — p|] # ming<preg || — ||

and it becomes 0 if

2 — pui|| = miny<pr <k [Jen — ||

&

® Limit m > = gives:

® Limitm > 1 we get the nearest neighbor rule (K-Means) because:
- _ ||Jn M || m—
]ﬂn[-‘_l/((Zk’;ék m 1)+1

in the limit m—=>1 the first sum in the denominator becomes « if

|n — pr|| # ming<cpreg ||2n — |

and it becomes 0 if

s — piel| = miny <o [[n — pwe|
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Gaussian Mixture Models
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Gaussian Mixture Models

® Fuzzy C-Means is “OK” as a non-crisp clustering alg. but (as K-
Means) favors spherical clusters 2 better approaches
® Example: Gaussian Mixture Models (GMM)

» Linear combination of Gaussians
K K

pla)= > mN (@l Tp)
k=1 Q"""""""""'

where Z m,=1, 0<m, <1
k=1

parameters to be estimated

% 0.5 1 (6]

¢ Fuzzy C-Means is “OK” as a non-crisp clustering alg. but (as K-
Means) favors spherical clusters - better approaches

® Example: Gaussian Mixture Models (GMM)

« Linear combination of Gaussians
K K

plz) =Y Tl TR
hm1 T

where Zﬂ'k:l, 0<m <1
k=1

~ parameters to be estimated

% 05 1 [6]



Gaussian Mixture Models

® Fuzzy C-Means is “OK” as a non-crisp clustering alg. but (as K-
Means) favors spherical clusters 2 better approaches

® Example: Gaussian Mixture Models (GMM)

» Linear combination of Gaussians
K

K
p(z) = Z "T)oN‘(I\ug, ) where Z =1, 0< 7, <1
—

k=1 T k=l

parameters to be estimated

1

0.5

% 0.5 1 [6]

Machine Learning

Leaming a Generative Model for data [8]:
R

For a distribution p(z|#), parameterised by 6, and data X = {z!,..., .TN}

learning corresponds to inferring the @ that best explains the data X’
Bayes theorem — p(0|X) o< p(X|0)p(#)

BAIAP

® Maximum A posteriori = argmax p(0|X)
2]

® Maximum Likelihood oML — argmax p(X|6)
6

= argmax L(AX,6)
5

Machine Learning

Learning a Generative Model for data [8]:
ks

I
For a distribution p(z|#), parameterised by ¢, and data X = {z!,..., _TN}

learning corresponds to inferring the # that best explains the data X
Bayes theorem — p(#|X) oc p(X|6)p(#)

BLIAP

® Maximum A posteriori = argmax p(#|X)
[

® Maximum Likelihood ML — argmax p(X|0)
6

= argmax L(X,0)
%

Machine Learning

Leaming a Generative Model for data [8]:

For a distribution p(z|#), parameterised by 6, and data X = {z!,..., .TN}I%

learning corresponds to inferring the @ that best explains the data X'
Bayes theorem — p(8|X') o< p(X|8)p(#)

BAIAP

® Maximum A posteriori = argmax p(6|X’)
2]

® Maximum Likelihood oML — argmax p(X|6)
6

= argmax L(AX,6)
&



Machine Learning

Learning a Generative Model for data [8]:

For a distribution p(z|#), parameterised by , and data X = {z!,..., .TN}

learning corresponds to inferring the # that best explains the data A’
Bayes theorem — p(8|X') oc p(X|0)p(6) N

B}IJAP

® Maximum A posteriori = argmax p(#|X)
a

9}.! L

® NMaximum Likelihood = argmax p(X|)
)

= argmax L(X,0)
#

Machine Learning

Leaming a Generative Model for data [8]:

For a distribution p(z|#), parameterised by 6, and data X = {z!,..., .TN}

learning corresponds to inferring the @ that best explains the data X’
Bayes theorem — p(0|X') o< p(X|6)p(6)

gﬁIAP

® Maximum A posteriori = argmax p(0|X)
2]

BAI L

® Maximum Likelihood = argmax p(X|#)
)

= argmax L(AX,6)
5

Machine Learning

Learning a Generative Model for data [8]:

For a distribution p(z|#), parameterised by , and data X = {z!,..., .TN}

learning corresponds to inferring the # that best explains the data X
Bayes theorem — p(8|X') oc p(X|0)p(6)

B}IJAP

® Maximum A posteriori = argmax p(#|X)
é

Ik

e Maximum Likelihood  #M%

= a,l'g.l:;la,x p(X|8) »

= argmax L(X,0)
%

GMM-Basics

® Responsibilities

) = plan = 1) = —Lr=Deda=1)
> plz = 1)p(x|z; = 1)
j=1

TN (i, B)

K )
ZWJN(x\ﬂj.zj)

j=1




GMM-Basics

® Responsibilities
Y(zk) = plzx = 1]x)

p(z;b =1)p(x|z = 1)

GMM-Basics

Maximum likelihood (one multivariate Gaussian)

PEIO=N(xp.B) = —— Lo {E%(x— W)TE (B u)}

Xp
Zp = Dp(xlz; = 1) L T PR

7r,,.,\f (x|, i)

K
anN(x|pJ.2J)

=1

®Likelihood L(x.0) = p(x|0)

® Example

®Maximum likelihood 0 et =argmax 4 L(x,0)
=argmax 4 In L(x,6)

0.5

® pattern matrix X of N iid measurements (D-dim. pattern vectors x ),

X = (<1, xy)" .

L(X,0)=[]L(x,.0) InL(X,0)=3 InL(x,.0)
i=l

i=1

N
05 1 InL(X,0)=In p(X| , )= > InN(x;| 5, X)

i=1

GMM-Basics

® Responsibilities
Y(zk) = plzx = 1]x)

P(Zk 75 Dp(x|zr = 1)

GMM-Basics

) AT
Responsibilities
P (e = Dol = 1)

Yz) =plz = 1x) =

Zp i = p(x|z; = 1) Zp i = p(x|z; =1)

7r,,.,\f (x|, i)

K
anN(me.E

=1

7(;\.,,\1 (x| pep, i)

K
ZWJN(xmj.z

j=1

0.5 1 0 0.5 I 0 0.5 1 0 0.5 1



GMM-Basics

Maximum likelihood (one multivariate Gaussian)

p(X|9):J\"(x|§ci(E‘) e @ﬁﬁ exp {ﬁ%(x — ) TE " (x — ,u)}
o

GMM-Basics

Maximum likelihood (one multivariate Gaussian)

P(X\Q):J\’(XL#.’WE_}) = @ﬁﬁ exp {ﬁé(x )T (x — ,u)}
g

®ikelihood L(x,0) = p(x|0)

®Likelihood L(x.0) = p(x|0)

®Maximum likelihood 0 pest =argmax o L(x,0)

= argmax 4 In L(x,6)

®Maximum likelihood 0 et =argmax 4 L(x,0)

=argmax 4 In L(x,6)

® pattern matrix X of N iid measurements (D-dim. pattern vectors x ),
X = (x1,...,%y)7 8

1(X.0)=T[L(x,.0) InL(X.0) = InL(x,.0)

i=1

InL(X.0)=In p(X| 1, 2) = > In N(x, | 4, E)

i=1

® pattern matrix X of N iid measurements (D-dim. pattern vectors x ),
X = (X1,...,xn5)7 v
InL(X,0)=> InL(x,,0)

i=1

L(X.0)-T] L(x,.0)

In L(X.0)=In p(X| 4 2) = 3 In N (x, | 4 X)

i=1

GMM-Basics

Maximum likelihood (one multivariate Gaussian)

p(X|9):J\"(x|§ci(E‘) = @ﬁﬁ exp {ﬁ%(x — ) TE " (x — ,u)}
o

®ikelihood L(x,0) = p(x|0)

®Maximum likelihood 0 pest =argmax o L(x,0)

= argmax 4 In L(x,6)

® pattern matrix X of N iid measuremdnts (D-dim. pattern vectors x),
X = (X1,...,xn5)7T v
InL(X,0)=> InL(x,,06)

i=1

1(X.0)=T[L(x,.0)

InL(X.0)=In p(X| 4, 2) = 3 In N(x, | 4. E)

i=1

GMM-Basics
Maximum likelihood (one multivariate Gaussian)

InZL(X,0)=InL(X,u,X) =

AT N
Inp(X|p,X) = —-

D N 1 T
5 (2m) =5 [Z=5 ) (xu—p) "2 (xa— 1)

n=1

8 ~
9best = argmax g lnL(x,Q) - ﬂbeat: alﬂL(X,ﬂ,E):O

0
Ebest: &mL(X,ﬂ,E):O p.

i 1 N
Ny ‘ L = qu

n=1

< N
1
1 B = N Z(Xn = ) (X0 — MML)T

. n=1

&



GMM-Basics
Maximum likelihood (one multivariate Gaussian)
InL(X.0)=InL(X, u,X) = .

ND N 1 —
Inp(X|p, ) = === 2m) =5 W [B=5 D (=) 2 (5= )

n=1

o ~
g best = AlZMAaxX 4 ]nL(X:a) > Jubest : a lIlL(X, Juaz) =0

GMM-Basics

p(x|0)= K K
® GMM () =) mNEpe k). 0<m<t Y m=1
k=1 k=1
L
®10fK K -dimensional binary random variable z

representation 2, € {0,1} and E'n- = 1

- e plzr = 1) = m
Lo —InL(X, 4, 2)=0 ( T~ r
best 62 ( H ) y, > ‘]?(Z) — H ﬂ-.l:::.k
- k=1 .
I
- : 1 & i
\ L =5 D Xn ® conditional  p(x|zr = 1) = N(x|p, Zi) p(x|z) = [T N (xlpage, Ba)
~A e probability k=1
1 N K
DL = = Z(Xn = ) (X — paygg,) " p(x) = Z{’(Z)P(’dz) =D N (g, i)
. n=1 z e J k=1
p(x,z)
GMM-Basics GMM-Basics
P (X | 9) = K 5 P (x | 9) = K K
oMM P =D MmN 0<m<l Y m=1 ‘oMM P =) mNEme B 0<m<l Y m=1
k=1 k=1 k=1 k=1
® 4 ofK | K -dimensional binary random variable z ® 10fK _ K -dimensional binary random variable z
representation (0,1} and 3, 2 = 1 representation o {0,1}and 3, 2z, = 1
])(Zk — 1) = M} p(zk — 1) = Mk
K % K
p(z) = H Tk p(z) = H Ly
k=1 k=1
. K remark: If we have several observations xi, ..., Xy,
® conditional p(x|zr = 1) = N(x|p., Zi) p(x|z) = [T N (xlpsy. Bi) ™ then, because we have represented the marginal distribution in the form p(x) =
probability k=1 Zz p(x, z), it follows that for every observed data point x,, there is a corresponding

K

px) = Zg(z)pmzj = ; TN (] payer )
z \/ e=1

p(x,z)

latent variable z,,. K

plx) = Z;C(z)p()dz); > N (x| gy, D)

- A k=1
p(xz)
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° B Maximum likelihood (GMM)
Responsibilities

(o) = ploe = by = P =Dp(xlz = 1) v ook
Y ...;.-) = H(“k = ‘X) - K IIIL(X, @) = IIIL(X, n,ﬂ’z) = ]up(X|71-_ H/E?:) — Z In Z Wk-,\'r(xnl,u,;\.. EL)
By ZP(ZJ = 1)p(x|z; = 1) A 7 - n=1 k=1 .
j=1 _

TN (x|, Zi)
K

> mN(x|py, =))

covariances X,

i=1
® Example ®maximizingw.rt m, guand >

| 1 P& i

e =N, ;ﬂ-’(;”“)x” 3y, = N, Z:I".-(in.!.-)(xu — ) (X — g

0.5

N N,
( .N,‘. = Z "“{:nl')') = %

n=1 LN

0 0.5 | 0 0.5 1 0 0.5 1
GMM-Basics GMM-Basics
Maximum likelihood (GMM) Maximum likelihood (GMM)
N K N K
InL(X,0)=InL(X, 7w, u,Z) = Inp(X|m, p, 2) = Z In {Z TN (%0 | 1 Ek)} InZ(X @)=InL(X 7 pu,L)=Inp(X|m, p.2) = Z In {Z TN (%5 | 2, Ek)}
=7 T g n=1 k=1 n=1 k=1
. o o
“Vector of K D-dim. means Hy A ;7(3"’«')"“ Xy = N, Zl".-(:n;-)(xu — ) (% = pg) "

covariances X,

N [% N,
( "VR' = Z ”“{:'nk)') Tk = -‘T’Tf

n=1 4

®maximizing w.rt m, uandL >

® so what?! & Problem: Expr. depend on 7(Z.x) which depends on , >

N b N . .
1 1 T which depends on 7(z,.x) which depends on .....
By = N Z"ﬁ(:nk)xn ¥ = — Zj,(:”k]{x” — ) (X = p,k)l p (znk) P
o n=1 Ak n=1
® |dea: Alternating approach (EM-algorithm):
I — N
( Ny = Z -‘(“”*')') =N Step t: Evaluate 7(zui)y using (m, . ) ¢,
n=1 iy

Evaluate (m, 1, %)

o USINg Y (Zuk )y,
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Maximum likelihood (GMM) Maximum likelihood (one multivariate Gaussian)
N K
InL(X,0) = In L(X,7t, 4, ) = In p(X|r, 0. 2) = ) " In {Z TN (X b2, Ef.-)} pEIO)= N (x|p. %) = CELE ;D/_Z -IErl‘ = exp { %(x —p)TE (x — u)}
n=1 k=1 : ' T !
e = 3 f;”r(:nk)xw T = 5 D vk (6 = 1) (%0 = )" |
et ®Likelihood  L(x.0) = p(x|6)
N 3 N,
( Ny = Z g, %’3111')' ) W = ‘T
n=1 N

®Maximum likelihood 0 et =argmax 4 L(x,0)

=argmax 4 In L(x,8
® so what?! & Problem: Expr. depend on 7(Znk) which depends on =, j¢, 3 s e 9

which depends on 7(z,.x) which depends on ..... ° ] . ]
Pattern matrix X of N iid measurements (D-dim. pattern vectors x ),

® |dea: Alternating approach (EM-algorithm): X = (x1,..0, xn)*

L(X.0)5 ] L(x,.0) InL(X,0)=Y InL(x,.0)

Step t: Evaluate 7(znx )(t) using (m, ,u,.E)(t_” =1

N
using 7 (znk )(1_1) InL(X,0)=Inp(X| u,X) = ZlnN(Xi | 4, X)

i=1

Evaluate (m, ft. E)u)



