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Problem:

—  The solution can be computed with RR-iteration —
after about 42 rounds  :-(

—  On some programs, iteration may never terminate - ((

Idea 1: Widening

e Accelerate the iteration — at the prize of imprecision :-)

¢  Allow only a bounded number of modifications of values !!!
... in the Example:

e dis-allow updates of interval bounds in ~ Z ...
- a maximal chain:

[3,17] C [3, +o¢] C [—o0, +o9]

NP7
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Example:
A
“[]/;
¢ = 0: l u
(1) 0] —oo | +0c
Neg(i 1.;/ '\\Pus: i< 42) )
i o 1 0| 42
Neg(0=i < lV'/\\\ Pos(0 < i < 42) 2 0] 41
(1) 3‘3 3 o 41
VAL =A+i; 4 0| 41
@ 50| 4
yM[A)] =
At 6 1| 42
I\-b./.
; P =i+ 1 7 1
(6 8| 42| 42
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Formalization of the Approach:

Let

2 3 filzy,..o,x,), i=1....n (1)

denote a system of constraints over 1) where the f; are not
necessarily monotonic.

Nonetheless, an accumulating iteration can be defined. Consider the
system of equations:

= a; U filey,. . x,), i=1,....n (2)

We obviously have:

(a)

(b)

x is asolution of (1) iff z is a solution of (2).

The function G : D" — D™  with

Gy, xn) =Y, Un), Yi=a U fila,. .o x,)
is increasing, i.e., rC Gax forall zeD”.
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(c)

(d)
(e)

The sequence G* L, k>0, isan ascending chain:
lCcGLlLCc..CcGvLC ...

If G"L=G"'L=y.then y isasolutionof (I).

If D has infinite strictly ascending chains, then (d) is not yet
sufficient ...

but:  we could consider the modified system of equations:

o =o U fi(zy, .o x), =1, n (2

)

for a binary operation widening:
u:D?*—D with v Uy CogUuy

(RR)-iteration for (3) still will compute a solution of (1) :-)
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Formalization of the Approach:

Let z; 3O fi(zq,...,: tn), t=1,..., n (1)
denote a system of constraints over [ where the f; are not
necessarily monotonic.

Nonetheless, an accumulating iteration can be defined. Consider the
system of equations:

T = d fi (g, .. zn), i=1,..., n (2)

We obviously have:

(a) =z isasolutionof (1)iffz isa solution of (2).

(b)  The function & :D" — D™ with

Gy, ) = (Y, Yn), Yi=x U fi(zy, . 1)
is increasing, i.e., xCGax forall zeD".
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(c)

(d)

(e)

The sequence G¥1L, k>0, isan ascending chain:

lcdlLCc..cavLcC...

If G"L=G""'" L=y, then y isasolutionof (I).

If D has infinite strictly ascending chains, then (d) is not yet
sufficient ...

but:  we could consider the modified system of equations:

[~

z; = xfUYi(zy, ..o mm), i=1,..., n (3
for a binany operation widening:
U:D*—=D with v vy CoyUug

(RR)-iteration for (3) still will compute a solution of (1) :-)
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... for Interval Analysis:

e  The complete lattice is: Dy = (Vars = 1),
e thewidening U is defined by:
luD =DUl =D andfor D, # 1 # Ds:
(DiuDo)r = (Drz)U(Dax) where
i, w|U[lo,ua) = [, 4] with
ll if El S '!'Z

l
| =
—oo  otherwise

Uy if = ous

+o0o  otherwise

=—— U is not commutative !!!
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Example:

Conclusion:

==
TSR,
=
LSRN
Il
W
(=]

e Inorder to determine a solution of (1) over a complete lattice

1,5]U[3,7] = [1,4+0 Lo . . . .

[, 5]u13,7] [1, +o0] with infinite ascending chains, we define a suitable widening and
then solve (3) :-)

—  Widening returns larger values more quickly. e Caveat: The construction of suitable widenings is ajdark art |!!

— It should be constructed in such a way that termination of iteration Often U is chosen dynamically during iteration such that

is guaranteed :-) .
SnE —  the abstract values do not get too complicated;

—  For interval analysis, widening bounds the number of iterations by: , :
J / — | the number of updates remains bounded ...

#points - (1 +2 - # Vars)
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Our Example: Our Example:
b ]
HE L« [ = [s]
) 1 u 1 u 1 u 1| u
\p — 0 [ =oo | +oc T
. 1 o | o 1l o] o 0 | 400
A Pos(0 < i < 42) 21 0 | o 21 o | o 0 | +o0
\3 3l o | o 3l o] o 0 |+
:f_\rh:l— 4| o 0 141l o 0 0 | +oo || digo
Kf{” . 510 | o sllo | o | o |+
(5) 6| 1 1 6] 1 1 I | 40
Yi=itl 7 1 7 1 12 | +o0
(6) 8 1 8 1 |, 42 | +o0
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In our Example:
... obviously, the result is disappointing :-(

0)
7 i=0:
Idea 2: ¢
(1)
- xPus;w 12) I, = {1} or
In fact, acceleration with U need only be applied at sufficiently many ) . “
! < 42) /7N Pos(0 < i < 42) 2 = 12 or:
places! /7/ y.f_ |
@ L = {3}

Aset [ isaloop separator, if every loop contains at least one point
from [ )

N
o

If we apply widening only at program points from such aset [, then
RR-iteration still terminates !!!

(0 e e o {0
T =
Il

N
\
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The Analysis with T = {1} / / ‘ The Analysis with T = {2} :
© R R AN Lo e | s e
$ e=1; \ u 1 u [|u 1 u 1 u { u
) . ( 1 — 0 —o% | +0c || —00 | + 0] —o0 | 400 || —o¢ | +20
Neg(: SL;/\ \P;)R i << 42) ! 5\ 0 0 1 0 0 0
{ I e )
Neg(0°Fi < 42) " \_Pos(0 < i < 42) 210 o 0 0 i1 : 21 0 0 0 |+
@ 33 3 0 0| 4 (3) 3l oo o
YAi=A+ 1] o | o 0 | 11 | dito |- 4 0o | o 0 dito
@ ; @ 5
i = i 0| o MNo | 4 T = il o | o | o
5 6l 1| 1 12 ) 6l 1] 1 1| 42
Yi=itl; 7 1 1 Yi=i+1 7 1 12 | +oo
(&) s L 12 |l ® il =
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Discussion:

e Both runs of the analysis determine interesting information

e Therunwith [ = {2} provesthatalways =42 after
leaving the loop.

e Onlytherunwith I = {1} finds, however, that the outer check

makes the inner check superfluous - (

How can we find a suitable loop separator [ 7?7
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The Analysis with 1 = {2} :
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Idea 3: Narrowing

Let x denote any solutionof (1), i.e.,
r 3 fiz, i=1,..., n
Then for monotonic  f; ,
z 1 Fa J Fz J...0 Fky 3.,

// Narrowing Iteration
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Idea 3: Narrowing

Let z denote any solution of (1), i.e.,

z; fz'i s

Then for monotonic ~ f; ,

x J Fz 3 F2 1.3

// Narrowing Iteration

Every tuple F*x isa solution of

Termination is no problem anymore:
we stop whenever we want  :-))

/!

// The same also holds for RR-iteration.
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Narrowing [teration in the Example: Narrowing Iteration in the Example:
| o ] I
) u 1 u ) u
- 42) U e e 0| =0 | +oo || —o0 | +o0
. c 1 0 +oc 1 0 +oc 0 +00 (__/
~\_Pas(0 < i < 42) 2{ 0 |+ 2l 0 |+eof|o | 41
T
(3) 3 0 | 4o 30 0 | +oo] O !
YA = A 1] 0 | 4o 1] 0 |+0| O 11
:_\_;l_/:u l 5 0 +oo 5 0 +00 0 11
1 1| =
(5 6 1 +oc 6 1 +00 1 12
Yi=i+1 T 42 | 4o 7 2 | +oo 1
(6) 8| 42 | 400 (6) 8 2 | +oo || |42 ‘-s—x H
351 352
[k
/DKUE/}/ VZ:( = LO/W]
Jarrowing Iteration in the Exar N ) )
Narrowing Iteration in the Example
: Discussion:
Lo v ] 2 |
1 u { u l u
(D= . 01 —oe | 200 | =00 | 200 || —o0 | 200 —  We start with a safe approximation.
S(2 T . .
\ o 1 0 | 400l 0 | 400l 0 12 —  We find that the inner check is redundant :-)
(2) )
- \Pt_)swl'\ < i< 42) 2| 0 | 4ol 0 a o —  We find that at exit from the loop, always i =42 :-))
) S I e ‘ 0 — It was not necessary to construct an optimal loop separator  :-)))
_#_,h =A+ 1] 0 |+=| 0 ! 0
D
50 0 cofl 0 | 0
f M[A] = : e
6| 1 || 1 12 1 2 : ;
O ' o Last Question:
; i=1i+41 T 42 | +ec L 1
() sl 42 | o A | voo || 42 ‘ , Do we have to accept that narrowing may not terminate 7?7
{ 74
} I s )
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4. Idea:  Accelerated Narrowing

Assume that we have a solution z =
constraints:

(1, ..., zy) of the system of

xy Jfiley,. o xg), i=1,..., n (1)
/lﬁsider the system of equations:

ry = T4 f;' (T, ...,¢ ? ?‘n) s

Obviously, we have for monotonic  f; :

where H (4

In (4),wereplace M durch by the novel operator 7 where:

aMay; T ayFlay & ay

w
&
&

4. Idea:  Accelerated Narrowing
Assume that we have a solution 2z = (2y,...,2,) of the system of
constraints:

a; Jfiley,. .o x,), i=1,....n (1)
Then consider the system of equations:

o= x N filzy,...,x,), i=1,...,n (4)
Obviously, we have for monotonic  f;: H*z = FFz )

where  H (z1,...,20) = (v1,.. ., Yn) o Yi=xi M fi (2, 20).

In (4),wereplace M durch by the novel operator F  where:

ayMNay C ayFlay C a

w
&
&

... for Interval Analysis:

We preserve finite interval bounds  :-)

Therefore, 1AD = DRL = L

and for D) # 1 # Ds:

(D1ADy)x = (Dya)A(Dyx) where

Ly w Al us] = [l

P
|

U
Uy

with
if I} =—-0
otherwise
if w; =

otherwise

=—— [ is not commutative !!!

tsiRs]=0,9)
.. for Interval Analysis: C/} /53 ﬂ L:'ﬂ 5\\) = (:/)/31

We preserve finite interval bounds :-)

Therefore, 1AD = DAL = 1L andfor D, # 1 # Ds:

(DA Dy)
[L1, uy] B [l ug]

(Dyz)RA(Dyz) where
[, with

—

2 if 11:70(3

{ 1 otherwise
s if u; = o0
u =

wy; otherwise

= [ is not commutative !!!




... for Interval Analysis:

We preserve finite interval bounds  :-)

Therefore, 1AD = DAL = L andfor D, # L # Dy
(D1ARDy)x = (Dya)RA(Dyx) where
[T, ] Al us] = [l,u] with
| = I, if I =—-
[y otherwise
up, if w =o0
u =

u;  otherwise

—— [ isnot commutative !!!

Accelerated Narrowing in the Example:

Lo [ 1 ] |
l} u I u { u

0| —o0 | 400 || =00 | +00 || —00 [ +20
1 0 | +oc 0 | +o0 0 2
2 0 | +oc 0 11 0
3 0 | +oc 0 1 0
4 0 | 4+ 0 11 0
5 0 | 400 0 11 0
6 1 +oc 1 12 1 2
7 2 | o 1

\9/ 8 2 | o 42 | 4o0 42 2

d

Discussion:

—  Caveat:| Widening also returns for non-monotonic  f; a

solutionf Narrowing is only applicable to monotonic  f; !!

—  In the example, accelerated narrowing already returns the optimal
result  :-)

—  If the operator A  only allows for finitely many improvements
of values, we may execute narrowing until stabilization.

—  In case of interval analysis these are at most:

#points - (142 - #Vars)

1.6 Pointer Analysis

Questions:

—  Are two addresses possibly equal?

—  Are two addresses definitively equal?




1.6 Pointer Analysis

Questions;
—  Are two addresses possibly equal? May Alias
—  Are two addresses definitively equal? Must Alias

——  Alias Analysis
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The analyses so far without alias information:
(1) Available Expressions:

e Extend theset Expr of expressions by occurring loads M e] .

e  Extend the Effects of Edges:

£
[z = M[e];]* A
H_‘li:f J: = w'j:]l: ‘4

(AU {e})\Ezpr,
(AU {e, Me] )\ Expr,
(_11 U {‘ 1€ )})\f_nm!“\

2) Values of Variables:

e Extend theset Expr of expressions by occurring loads M |e] .

e  Extend the Effects of Edges:

{z} if ¢ = Mle]
[ =M[e;]PVe = 1] if ¢ =¢
Ve\{z} otherwise
if ¢ e {e, e}

¢ otherwise

o 0
H:_”_«l_:(-_,\:}]:rw’rf" = {1
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(3) Constant Propagation:

e [Extend the abstract state by an abstract store M

L4 Execute accesses to known memaory locations!

(D& {x— Ma}, M) if
H:( ]]ﬁ D=acCT
(D& {x— T} M) otherwise

[« = MIe];Jf (D, M) {
{ (D, M & {a— [e.]fD}) if
A

[[( L]I?D:a.[T

(D, T) otherwise where

[Mle,] = ex;]F (D, M)

T .

(a e N)
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(3) Constant Propagation:

e  Extend the abstract state by an abstract store M

L] Execute accesses to known memory locations!

(D& {r— Ma}, M) if
[z = Mle]:]*(D,M) = [e(fD=acT
(D& {r— T}, M) otherwise
(D, M & {a [e]PD}) if
[Mlei] = ex)]* (D, M) = [P D=aCc T
(D, T) otherwise where
Ta =T (a € N)
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